Abstract. We discuss the hull of a multi-dimensional limit-periodic potential and show that such a hull is an inverse limit of product cyclic groups. We present the result in an explicit way, which will be useful for a future study of multi-dimensional limit-periodic Schrödinger operators.
Introduction
When investigating spectral properties of almost-periodic Schrödinger operators, mathematicians would like to write them as the following: (1) (H ω u)(n) = |m−n|=1
where
with a Z d action by translations T and a continuous sampling function f : Ω → R. If Ω = T d (the multiplicative group of all d-dimensional complex vectors with entries of norm 1), then {V ω (n)} n∈Z d is quasi-periodic and H ω is called a quasiperiodic Schrödinger operator. If Ω is a Cantor group with minimal translations, {V ω (n)} n∈Z d is limit-periodic and H ω is called a limit-periodic Schrödinger operator. Conversely, given an almost-periodic Schrödinger operator first, we can just take Ω as the hull of {V (n)} n∈Z d . For a limit-periodic potential V 1 , the hull is a Cantor group with minimal translations. By this way, one can separate base dynamics and sampling function, so that it becomes easy and natural to answer questions of the type how often does phenomenon X occur? [1, 3, 4, 5, 6 ] presented many spectral properties of limit-periodic Schrödinger operators under this framework. Because of usefulness of the framework, it becomes necessary to describe group structure of the hull of a limit-periodic potential in detail for a future study of the limit-periodic Schrödinger operators (even though we already know that it is a Cantor group ). [9] studied the hull of a one-dimensional limit-periodic potential, showing that the hull is isomorphic to the inverse limit of a sequence of cyclic groups, that is, a procyclic group. This paper will generalize to the multidimensional case and the main result in this paper is Theorem 2.8, stating that the hull of a multi-dimensional limit-periodic potential is isomorphic to the inverse limit of a sequence of product cyclic groups.
preliminaries
Before stating the main result, let us introduce some preliminary facts. It is well known that there is a close connection between the hulls of limit-periodic potentials in ∞ (Z d ) and Cantor groups which admit a minimal Z d action by translations. For d = 1, this was worked out in detail in [1, Section 2]; for d > 1, this was worked out in [6, Section 2] . We rewrite some old definitions and results for the reader's convenience.
Definition 2.1. (a) We say that Ω is a Cantor group if it is an infinite, totally disconnected, metrizable, compact Abelian group. We fix a metric dist on Ω that is compatible with the topology.
(b) Consider a Cantor group Ω and a Z d action by translations, {T n } n∈Z d . That is, there are α 1 , . . . , α d ∈ Ω such that for ω ∈ Ω, we have
where we write the group operation as +. 2 We say that the action is minimal if all orbits are dense, that is, for each ω ∈ Ω, we have {T n ω : 
d a periodicity vector of V . There exists a smallest periodicity vector for a periodic V . The following proposition describes how limitperiodic potentials in ∞ (Z d ) may be generated.
Proposition 2.3.
Suppose Ω is a Cantor group that admits a minimal Z d action by translations, {T n } n∈Z d . Then, for every f ∈ C(Ω, R) and every ω ∈ Ω, the potential
We first prove the following simple lemma:
is an action by translations as in (3) on the compact Abelian group Ω. Then, for each j ∈ {1, . . . , d}, there is a sequence {n
Proof. Let us fix j and explain how to find {n
Since Ω is compact, there exists an increasing sequence of positive integers m k → ∞ such that m k α j converges to some ω ∈ Ω as k → ∞. For each k, choosem k ∈ {m k+ : ≥ 1} 2 While + is a natural way to denote the group operation in the abstract setting, for the concrete groups that arise as hulls of limit-periodic elements of ∞ (Z d ), this is ambiguous. Thus, in the concrete setting, we will prefer to use · to denote the group operation.
Proof of Proposition 2.3. For a given ε > 0, we may choose a compact open neighborhood U of the identity ω e ∈ Ω that is small enough so that |f (ω+ω U )−f (ω)| < ε for every ω U ∈ U and every ω ∈ Ω.
Since U is compact and open, we can choose δ > 0 such that dist(ω U , ω Ω\U ) > δ for every ω U ∈ U and every ω Ω\U ∈ Ω \ U .
Lemma 2.4 shows that we can choose
. By the defining property of δ, it follows that the closure of
is a compact subgroup of Ω that is contained in U . Its index is bounded by p j . Now, given f ∈ C(Ω, R) and ω ∈ Ω, we consider the potential
With the arbitrary choice of ε > 0 above and the resulting U and δ > 0, we consider the following potential
The first three steps follow by simple rewriting, and the final step follows from the choice of U and the fact that, by construction, T n ω − Tñω belongs to U . This shows that V ω is limit-periodic since ε > 0 is arbitrary and V p ω is periodic. The statement hull(V ω ) = {Vω :ω ∈ Ω} follows since both sides are compact and contain orb(V ω ) as a dense subset (for the right-hand side, this is a consequence of the minimality of the action). This completes the proof of the proposition.
Thus, we have seen that a Cantor group that admits a minimal Z d action by translations and a continuous sampling function give rise to limit-periodic potentials of 2 (Z d ). Let us now turn to the converse. That is, given a limit-periodic potential of 2 (Z d ), we want to show that it arises in this way.
is compact and it has a unique topological group structure so that V is the identity element and Proof. Since V is limit-periodic, we can find for each ε > 0, a periodic V p with V − V p ∞ < ε. Since orb(V p ) is finite, it follows that orb(V ) is contained in the ε-neighborhood of a finite set. That is, orb(V ) is totally bounded and hence its closure hull(V ) is compact.
Obviously, there is a unique group structure on orb(V ) such that Z d → orb(V ), m → S m V is a homomorphism. Our goal is to show that it extends uniquely to a group structure on hull(V ). It suffices to show uniform continuity of the group structure on orb(V ). This will then also show that the resulting extension of the group structure to hull(V ) is Abelian. We have
Here, the first and the third step follow since translations are isometries and the second step follows from the triangle inequality. Put differently, if a, b, c, d ∈ orb(V ) and we denote the group operation by ·, then
which shows the desired uniform continuity.
To prove the last statement about finite index subgroups in small neighborhoods of the identity, let ε > 0 be given. Choose a periodic
}, which we denote by hull p (V ), is a compact subgroup of hull(V ) of index at most p j . Since hull(V ) is the union of finitely many disjoint translates of hull p (V ), it follows that hull p (V ) is also open. By the invariance property of V p , hull p (V ) is contained in the ε 2 -ball around V p , and hence it is contained in the ε-ball around V .
Last, the minimal Z d action is given by T n = S n with the translations S n introduced above. Note that this action is indeed an action by translations in the sense of Definition 2.1, simply choosing α j = T (0,··· ,1,··· ,0) (V ) with the j-th component being 1. Let us show that this action is minimal. It suffices to show that for ω 1 , ω 2 ∈ hull(V ) and ε > 0, there is n ∈ Z d such that dist(T n ω 1 , ω 2 ) = T n ω 1 − ω 2 ∞ < ε. We can choose n 1 , n 2 ∈ Z d such that ω j − T nj V ∞ < ε 2 , j = 1, 2. Now set n := n 2 − n 1 . Putting everything together and using that T is an isometry, we find
Next we will rewrite some results from [2, Appendix 1] in the d-dimensional context, introducing the frequency module for hull(V ). Denote hull(V ) by Ω V . Ω V , of characters on Ω V , is naturally a topological subgroup of
d , called the frequency module of V .Ω V is countable since Ω V has a countable dense set. SinceΩ V is a subgroup of [0, 1] d , given α, β ∈Ω V , and integers n 1 , n 2 , we have that n 1 α + n 2 β mod 1 ∈Ω V , i.e. Ω V is a module over Z (one should automatically consider mod 1 when discussinĝ Ω V so that we don't have to write mod 1 every time).
The Peter-Weyl theorem assures us that any V is a uniform limit of finite sums of the form k j=1 c j e i2πα (j) ·n with α (j) ∈Ω V . From this it follows that Proposition 2.6. The frequency module,Ω V , is the module generated by
and
are both non-zero. Choose a periodic potential P ∈ ∞ Z with
It follows that
be the smallest periodicity vector of P . The frequency module of P can be generated by {(0, · · · , 0, 1/p j , 0, · · · , 0) : 1 ≤ j ≤ d} as a Z module. Since α, β both belong to the frequency module of P , 1/p j must divide both α j and β j . So (1/p 1 , · · · , 1/p d ) is a common divisor of α and β. Similarly any finite subset of the generating set α : lim k→∞
have a common divisor. Since we can select the greatest common divisor, the property follows. Conversely, ifΩ V has the property, any finite sum
(j) ·n with α j ∈Ω V is periodic since the α (j) have a common divisor. By the Peter-Weyl theorem, V is limit-periodic.
Since any finite collection of α (j) have a common divisor inΩ V and furthermore V is a uniform limit of finite sums of the form k j=1 c j e i2πα (j) ·n , we can find a sequence
From the proof of Proposition 2.7, we can see that for any vector n ∈ Z d and α ∈ G V , (n 1 α 1 , n 2 α 2 , · · · , n d α d ) ∈Ω V . Moreover, with the common divisor property,Ω V can be generated by G V by such a Z d action, i.e., entry by entry multiplication.
, a product cyclic group. Let X be the inverse limit of {X (k) } k∈Z+ (we will introduce the inverse limit concept in the next section). Our main result is the following. Theorem 2.8. Ω V is isomorphic to X.
Inverse Limits
A directed set is a partially ordered set I such that for all i 1 , i 2 ∈ I there is an element j ∈ I for which i 1 ≤ j and i 2 ≤ j.
Definition 3.1. An inverse system (X i , φ ij ) of topological groups indexed by a directed set I consists of a family (X i | i ∈ I) of topological groups and a family (φ ij : X j → X i | i, j ∈ I, i ≤ j) of continuous homomorphisms such that φ ii is the identity map id Xi for each i and φ ij φ jk = φ ik whenever i ≤ j ≤ k. Definition 3.2. An inverse limit (X, φ i ) of an inverse system (X i , φ ij ) of topological groups is a topological group together with a compatible family (φ i : X → X i ) of continuous homomorphisms with the following universal property: whenever (ϕ i : Y → X i ) is a compatible family of continuous homomorphisms from a topological group Y , there is a unique continuous homomorphism ϕ : Y → X such that φ i ϕ = ϕ i for each i. (1). There exists an inverse limit (X, φ i ) of (X i , φ ij ), for which X is a topological group and the maps φ i are continuous homomorphisms.
i ) are inverse limits of the inverse system, then there is an isomorphismφ : X (1) → X (2) such that φ for each i. (3). Write G = i∈I X i with the product topology and for each i write π i for the projection map from G to X i . Define X = {c ∈ G : φ ij π j (c) = π i (c) f or all i, j with j ≥ i} and φ i = π i | X for each i. Then (X, φ i ) is an inverse limit of (X i , φ ij ).
The above proposition shows that the inverse limit of an inverse system (X i , φ ij ) exists and is unique up to isomorphism. A topological profinite group is by definition an inverse limit of finite topological groups. The inverse limit of a sequence of cyclic groups is called a procyclic group.
Proof of Theorem 2.8
For a d-dimensional limit-periodic potential V , there exist periodic potentials {P (k) } k∈Z+ converging to V uniformly. P (k) has the smallest periodicity vector
. Let's consider hull(V ). hull(V ) has a strongly minimal Z d action T n = S n with α j = T (0,··· ,1,··· ,0) (V ) (the j-th component being 1).
: k ∈ Z + is a frequency integer vector set of hull(V ).
From (0, · · · , 0) to p d vectors. Denote these vectors by γ (k1) , γ (k2) , · · · , γ (kh (k) ) for writing convenience.
